A semi-analytic solution of a wellbore in a non-isothermal low-permeability porous medium under non-hydrostatic stresses  by Wu, Bisheng et al.
International Journal of Solids and Structures 49 (2012) 1472–1484Contents lists available at SciVerse ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rA semi-analytic solution of a wellbore in a non-isothermal low-permeability
porous medium under non-hydrostatic stresses
Bisheng Wu ⇑, Xi Zhang, Robert G. Jeffrey, Bailin Wu
CSIRO Earth Science and Resource Engineering, Private Bag 10, 71 Normanby Road, Clayton North, VIC 3169, Australia
a r t i c l e i n f o a b s t r a c tArticle history:
Received 17 October 2011
Received in revised form 23 February 2012
Available online 24 March 2012
Keywords:
Thermo-poro-elasticity
Analytical solution
Scaling
Latent heat
Thermal effects0020-7683/$ - see front matter  2012 Elsevier Ltd. A
http://dx.doi.org/10.1016/j.ijsolstr.2012.02.035
⇑ Corresponding author. Tel.: +61 3 95458349; fax:
E-mail address: Bisheng.wu@csiro.au (B. Wu).The transient stress, displacement, pore pressure and temperature ﬁelds around a wellbore in a thermo-
poro-elastic (THM) medium subject to non-hydrostatic remote stresses are analyzed under non-isother-
mal plane-strain conditions. The linear THM model proposed by Coussy (1989) is adopted in the analysis
with a focus on thermal effects in low-permeability saturated rocks, characterized by a latent heat asso-
ciated with local changes of ﬂuid mass content. Non-dimensionalized parameters are identiﬁed by refor-
mulating the fully-coupled governing equations and boundary conditions. The wellbore problem is
simpliﬁed by decomposing it into axisymmetric and deviatoric loading cases. The corresponding analyt-
ical solutions are obtained in Laplace space. The inverse Laplace transforms are performed numerically to
ﬁnd the time-dependent distributions of ﬁeld variables in the rock mass around the wellbore. These
numerical results show that although the pore pressure diffusion has little inﬂuence on temperature
and stress, temperature changes can strongly affect the pore pressure and stress around the wellbore.
The temperature change can lead to changes in near-well stresses and the resulting signiﬁcant change
in wellbore breakdown pressure illustrates the importance of considering the THM coupling.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The mechanical response of ﬂuid-saturated porous rocks
around a wellbore is of great importance to the oil and gas industry
and the problem of predicting such response has attracted a great
deal of attention during the last several decades. The linear poro-
elasticity theory of Biot (1941), which was later reformulated by
Rice and Cleary (1976), has been widely applied to studies of stress
and pore pressure variations around wellbores. For example, a sig-
niﬁcant number of two- or three-dimensional analyses for well-
bore stability in a porous rock can be found in the literature
(Detournay and Cheng 1988; Rajapakse 1993; Ekbote et al. 2004,
among others). Here we speciﬁcally note the work of Detournay
and Cheng (1988) who ﬁrst derived analytical solutions in Laplace
space for the problem of a plane-strain wellbore subject to non-
hydrostatic remote stresses.
However, in many drilling, injection and production activities,
such as drilling through shale formations, petroleum and geother-
mal reservoirs, extraction of heavy oil and extraction of geothermal
energy, neglecting thermal effects in the analysis will lead to unre-
alistic results. In practice, the thermoelastic stress change in the
rock around a wellbore can either damage the wellbore or give rise
to signiﬁcant beneﬁts. Wellbore cooling in a geothermal reservoirll rights reserved.
+61 3 95458330.can lead to rock shrinkage in the neighborhood of the wellbore,
which improves the conductivity of fracture channels and may cre-
ate new fractures. On the other hand, wellbore heating can be of
beneﬁt by increasing the hoop stress leading to consolidation of
sand in the near-wellbore region (Biot, 1956). Of course, these ben-
eﬁts are intimately associated with the local stress and pore pres-
sure changes around the wellbore.
To predict the change in stress and pore pressure induced by
thermal effects, the gradients of the temperature around the well
must be found. There are many THM formulations that could be
applied to this problem, for example those developed by Crochet
and Naghdi (1966), Schiffman (1971), Bowen (1980), Palciauskas
and Domenico (1982), McTigue (1986), Kurashige (1989), Coussy
(1989), and Charlez (1991); among others. Palciauskas and Dome-
nico (1982) were the ﬁrst to extend Biot’s theory to the non-iso-
thermal case. Later, McTigue (1986) assumed that the ﬂuid and
solid temperatures are locally equilibrated so that use of a decou-
pled heat conduction equation is valid. This framework has been
used by many studies that deal with the wellbore stability problem
(McTigue, 1990; Wang and Papamichos, 1994, 1999; Wang and
Dusseault, 2003; Chen and Ewy, 2005, among others). Under
hydrostatic stress conditions, the volumetric strain does not ap-
pear in the diffusion equations used to determine the temperature
and pore pressure ﬁelds. Coussy (1989) developed a general theory
without any decoupling of thermal effects from other physical
processes for saturated porous materials. In contrast to other
B. Wu et al. / International Journal of Solids and Structures 49 (2012) 1472–1484 1473formulations mentioned above, Coussy’s theory is derived using
thermodynamic principles and in his formulation, the heat change
associated with compression or expansion of the pore ﬂuid is taken
into account by the product of a latent heat coefﬁcient and the in-
crease or decrease of ﬂuid mass content at the pore scale. In spite
of its simplicity, the linear model presented by Coussy (1989) pro-
vides an important tool in understanding fully-coupled multiple
physics behavior in ﬂuid saturated rocks.
The effects of thermally induced stress and pore pressure
changes have not been fully investigated, and there is a lack of ana-
lytical solutions that include these effects and that can be directly
applied to wellbore problems. Most existing studies that include
these effects are based on numerical ﬁnite element simulations.
Although complex processes can be dealt with numerically, the
lack of benchmarks limits the acceptance of the ﬁnite element re-
sults. In the literature, very few analytical solutions of the fully
coupled THM equations are currently available, except for those
cases with intrinsic symmetry like cylinders and spheres under
hydrostatic loading conditions (Zhou et al., 1998; Belosterkoverts
and Prevost, 2011). On the other hand, it is difﬁcult to ﬁnd values
for parameters required by the full numerical models and analyti-
cal solutions provide one method to extract values of the parame-
ters from laboratory measurements. Additionally, there are no
existing analytical results for the coupled stress and pressure ﬁelds
around a wellbore in a THM medium subject to non-hydrostatic
stresses.
This paper is organized as follows. In the following section, the
governing equations in Coussy’s (1989) model are ﬁrstly summa-
rized and the physical meaning and importance of the latent heat
are discussed. A dimensionless form of the equations is then ob-
tained by dimensional analysis. The problem formulation is subse-
quently presented and, based on a superposition approach, the
problem is divided into two sub-problems with symmetric and
anti-symmetric remote stress ﬁelds. The analytical solutions to
these two sub-problems are found by employing Laplace transfor-
mation. Selected results, obtained by numerical inversion from the
Laplace space, for deformation, pore pressure and temperature are
presented to demonstrate the signiﬁcance of including the THM
coupling.
2. Fully-coupled THM model
The linearized THM model presented by Coussy (1989) and
used in this study is based on assuming small displacement and
inﬁnitesimal strain. The medium is fully saturated and the ﬂuid
does not undergo any phase change. The solid matrix and ﬂuid
are initially in thermal equilibrium and heat convection is not con-
sidered since the ﬂuid velocity is negligible in low permeability
porous media. Furthermore, all mechanical, thermal and hydraulic
properties are taken as independent of stress and temperature. The
necessary equations for this model are summarized as follows.
Notationally, the superscript R stands for the reference (initial)
state, the subscript W for the wellbore values, and the subscript
0 for the far-ﬁeld loading conditions. The symbols without any
super- or subscripts indicate the induced changes caused by defor-
mation, pressure diffusion and heat conduction.
The equations of equilibrium and the strain–displacement rela-
tionships are expressed in a polar coordinate system (r,h) as
orrr
or
þ 1
r
orrh
oh
þ rrr  rhh
r
¼ 0; orrh
or
þ 1
r
orhh
oh
þ 2rrh
r
¼ 0; ð1Þ
and
err ¼ ouror ; ehh ¼
ur
r
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r
ouh
oh
; erh ¼ 12
1
r
our
oh
þ ouh
or
 uh
r
 
: ð2ÞAlso, the linear THM constitutive law for an isotropic medium is
expressed in the compact tensor form as
rij ¼ 2G v1 2v dijev þ eij
 
 dij cT þ bpð Þ; ð3Þ
where rij is the induced stress change tensor (positive is tension)
from the reference state rRij; ev is the volumetric strain and eij the
strain tensor; T denotes the induced temperature change; p denotes
the induced pore pressure change (negative for suction) from the
initial pressure pR; G, m and K = 2G(1 + m)/3(1  2m) are the shear
modulus, Poisson’s ratio and bulk modulus for the drained porous
medium, respectively; a is the coefﬁcient of volumetric thermal
expansion of the drained porous medium; c = aK; b = 1  K/Ks is
Biot’s coefﬁcients, in which Ks is the bulk modulus of the solid;
and dij is Kronecker’s delta.
The general linear THM model proposed by Coussy (1989) also
contains the ﬂuid mass balance and the energy balance equations.
In particular, the two equations are given as follows:
jr2p ¼ 1
M
op
ot
þ b oev
ot
 qf L
MTR
oT
ot
;
kr2T ¼ qf L
M
op
ot
þ cTR oev
ot
þ qc þ q
2
f L
2
MTR
 !
oT
ot
; ð4Þ
where the mobility j = k/l with k as rock permeability and l as
ﬂuid dynamic viscosity, k =Ukf + (1 U)ks is the thermal conduc-
tivity of the porous medium and kf and ks are the thermal conduc-
tivities of ﬂuid and solid, respectively; U is the porosity and
qc =Uqfcf + (1 U)qscs; qf and qs are the mass densities of ﬂuid
and rock, respectively; cf and cs the speciﬁc heat capacities of ﬂuid
and rock, respectively; L is the latent heat associated ﬂuid mass
change with dimensions of J/kg; M is the Biot’s modulus, which is
expressed as
M ¼ 2G mu  mð Þ
b2 1 2muð Þ 1 2mð Þ
;
where mu is the undrained Poisson’s ratio.
The above Eqs. (1)–(4) describe the closed formulation for cou-
pled elastic deformation, pore pressure and temperature changes
in a THM medium.
The difference between Coussy’s formulation and other more
commonly used theories lies in the fact that the former introduces
the concept of latent heat to account for heat transfer associated
with ﬂuid mass change in the porous medium. The contributions
of ﬂuid mass, with a non-equilibrated temperature, are from two
sources. First of all, with ﬂuid movement, the pore pressure in-
creases or decreases. The associated volumetric compression or
expansion, as described by Coussy (1989), causes ﬂuid temperature
change. On the other hand, the introduction of additional ﬂuid
mass into the porous medium is associated with an additional
quantity of entropy. As implied by the name, the latent heat can
also be used to represent the entropy change associated with phase
change from ﬂuid to steam (a mixture of liquid and gas) or vice
versa, although multiphase ﬂow is not considered here. Hence
the most important aspect of the model is that we can use this
lumped quantity of latent heat L to consider the local entropy
and heat changes both associated with the change of ﬂuid mass
content. In the model, the latent heat in general exists as a coefﬁ-
cient with units of heat per unit mass which operates like a local
heat sink or source to increase or decrease the heat capacity.
In particular, to represent the heat consumed or generated per
unit mass of ﬂuid supplied as a result of thermal expansion or con-
traction, the latent heat is expressed as (Coussy, 1989, p. 286)
L ¼ T
R
qf
auKu  aK
b
; ð5Þ
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modulus, respectively, for the undrained porous rock.
In Eq. (4), the hydrothermal coupling depends on L. If L = 0, the
coefﬁcient representing the thermal effect on ﬂuid mass supply is
zero in the ﬁrst equation of Eq. (4). This does not mean that the
temperature difference has no effect on the pore pressure diffu-
sion, since thermal effect can generate volumetric strain through
thermal–mechanical coupling.
Next, we compare the present governing equations with those
more commonly used in the literature. One example outlined in
Coussy (2004) and Belosterkoverts and Prevost (2011) uses the
mass balance and energy conservation equations as follows
jr2p ¼ 1
M
op
ot
þ b oev
ot
 am oTot ;
kr2T ¼ amTR opot þ cT
R oev
ot
þ qc oT
ot
;
ð6Þ
where am is a hydrothermal coupling coefﬁcient and is denoted as
am ¼ ðbUÞas þUaf . Here as and af are the volumetric thermal
expansion coefﬁcients of solid and ﬂuid, respectively.
Upon comparing Eqs. (4) and (6), we can ﬁnd that the two sets
have a similar form. Moreover considering the expression
qf L=ðMTRÞ we have
qf L
MTR
¼ au KuMb a
K
Mb
; ð7Þ
By means of the identities (Coussy, 2004, p. 86)
Ku ¼ K þ b2M; auKu ¼ aK þ amMb; ð8Þ
we can obtain Ku=ðMbÞ and K/(Mb) in terms of am and b. Substitut-
ing the results into Eq. (7), we have exactly qf L=ðMTRÞ ¼ am. There-
fore if heat generation comes only from ﬂuid compression or
expansion, the two sets of governing equations (Eqs. (4) and (6))
differ only by the second equation in Eq. (4) containing a sink term
in the bracketed term, which represents the additional thermal
capacity attributed to the latent heat.3. Problem description
Fig. 1 shows the plane-strain wellbore problem consisting of a
circular borehole in a saturated rock. The radius of the vertical
wellbore is rw. The coordinate system is deﬁned in Fig. 1 with the
origin at the center of the hole. The initial temperature and pore
pressure of the rock are denoted as TR and pR, respectively, whichFig. 1. Problem geometry.are initially uniform throughout the problem domain. The horizon-
tal principal stresses are denoted as rHmax and rHminðjrHmaxj >
jrHminjÞ, respectively. At time t = 0, a wellbore is excavated and
the temperature and pressure given by Tw and pw respectively,
are applied instantly on the wellbore wall, as assumed by Detour-
nay and Cheng (1988). Therefore the reference states for the prob-
lem are the given principal stresses plus TR and pR. The loading
condition is the same as a process that instantaneously drills the
wellbore as was discussed by Detournay and Cheng (1988). To
facilitate solving the problem, the non-hydrostatic remote stresses
are decomposed into hydrostatic and deviatoric components as
shown in Fig. 1, which are deﬁned as
p0 ¼ rHmax þ rHminð Þ=2; s0 ¼ rHmax  rHminð Þ=2: ð9Þ
The remote boundary conditions, expressed in terms of change
of each parameter, are given as
p ¼ 0 on r !1;
T ¼ 0 on r !1;
rrr ¼ 0; on r !1;
rrh ¼ 0; on r !1;
ð10Þ
while at the wellbore wall, the stress and temperature boundary
conditions are
p ¼ pw  pR on r ¼ rw;
T ¼ Tw  TR on r ¼ rw;
rrr ¼ pw  ðp0 þ s0 cos 2hÞ on r ¼ rw;
rrh ¼ s0 sin 2h on r ¼ rw:
ð11Þ
It should be noted that the boundary conditions for the tangen-
tial stresses are met automatically based on Eqs. (10) and (11).
According to the superposition principle, the problem is then
decomposed into two loading modes: axisymmetric and deviatoric,
as was done by Detournay and Cheng (1988). For the ﬁrst loading
mode, the well is subjected to an isotropic far-ﬁeld mean stress p0,
the wellbore pressure pw and the temperature Tw at the wellbore
wall. The second mode is concerned with a wellbore subject to a
remote far-ﬁeld shear stress s0 only. Moreover, the non-homoge-
neous boundary conditions at the well are all included in the ﬁrst
mode with an intrinsic axisymmetry, while the second mode has
an anti-symmetric feature. Notationally, we denote the stresses in-
duced by Mode 1 as rð1Þrr ;rð1Þhh ;r
ð1Þ
rh and the stresses induced by Mode
2 loadings as rð2Þrr ;rð2Þhh ;r
ð2Þ
rh , then the ﬁnal stresses for the complete
wellbore problem are found by superposition of the above solu-
tions and the initial stresses.
4. Scaling
To ﬁnd the scaling parameters, the following transformations
are deﬁned
rij ¼ uNij; p ¼ uP; T ¼ wH;ui ¼ #Xi; r ¼ ‘R; t ¼ vs; ð12Þ
where u;w; #; ‘ and v are the scaling factors, Nij, P, H, Xi, R and s
are the normalized stress change tensor, pore pressure change, tem-
perature change, displacement vector, radial distance from the
wellbore and time. Again, the superscript R stands for the reference
(initial) state, the subscript W for the wellbore values, and the sub-
script 0 for the far-ﬁeld conditions, in the deﬁnitions of dimension-
less ﬁeld variables. To determine these scaling factors, we substitute
the above expressions into the governing equations along with and
the boundary and initial conditions. For example, one of the consti-
tutive equations (all have the similar form) then takes the form
NRR ¼ #
‘u
2Gv
1 2v dv þ
2G#
‘u
dRR  bP cwu H; ð13Þ
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nents, respectively. As the equations of equilibrium are all homoge-
neous, there is no change after scaling. After grouping, the mass
balance and energy conservation equations can be rewritten as
Mjv
‘2
r2P ¼ oP
os
þ #bM
‘u
odv
os
 wqf L
uTR
oH
os
;
kwvM
qf L‘
2u
r2H ¼  oP
os þ
#cMTR
qf Lu‘
odv
os þ
qcMTR
q2f L
2 þ 1
 !
wqf L
uTR
oH
os :
ð14Þ
Also, the non-homogeneous boundary conditions at the well are
given as
uNRR¼pw; uP¼pwpR and wH¼TwTR at r¼ rw: ð15Þ
As rw is the sole characteristic length in this model, we can let
‘ ¼ rw. Next setting Mjv=‘2 ¼ 1 and #bM=‘u ¼ 1 in the pressure
diffusion equation, we have
‘
#
u ¼ Mb; v ¼ r
2
w
Mj
: ð16Þ
The energy conservation equation is thus reformulated after
some manipulations as
r2H ¼ qf Luj
kw
oP
os
þ #cT
RMj
‘kw
odv
os
þ qcMj
k
þ
j qf L
 2
kTR
0
B@
1
CA oH
os
: ð17Þ
Next, letting the dimensionless stress at the wellbore and the
dimensionless far-ﬁeld temperature be unity, we have
u ¼ pw; # ¼
‘pw
bM
and w ¼ TR: ð18Þ
Therefore, the two diffusion equations are rewritten in the
dimensionless forms as
r2P ¼ oP
os
þ odv
os
 Br1
Br2
oH
os
;
r2H ¼ Br1 oPos þ
Br3
b
odv
os
þ Peþ Br
2
1
Br2
 !
oH
os
;
ð19Þ
where Br1 ¼ qf LjpwkTR ;Br2 ¼
jp2w
kTR
;Br3 ¼ jcpwk and Pe ¼ qcMjk .
If we substitute the characteristic length ‘ and velocity
(V ¼ ‘=v) into the deﬁnition of the Peclet number qc‘V=k, we ﬁnd
that Pe is exactly the Peclet number, which quantiﬁes the order of
magnitude of the heat convectively transported by the ﬂuid in
comparison with the heat supplied by diffusion through the porous
medium. Br1 and Br3 are the Brinkman numbers that quantify the
order of magnitude of the heat source due to ﬂuid mass change and
thermal expansion in comparison with the heat supplied by diffu-
sion. Br2 is the Brinkman number associated with the heat gener-
ated by compressing or expanding the ﬂuid to the reference
borehole pressure compared to the heat transfer by diffusion.
The constitutive law is reformulated to be
NRR ¼ bf0dv þ bf0f1dRR  bP Br3=Br2H;
Nhh ¼ bf0dv þ bf0f1dhh  bP Br3=Br2H;
NRh ¼ bf0f1dRh;
ð20Þ
where f0 = v(1  2vu)/(vu  v), f1 = (1  2v)/v and the equations of
equilibrium are
oNRR
oR
þ 1
R
oNRh
oh
þ NRR  Nhh
R
¼ 0; oNRh
oR
þ 1
R
oNhh
oh
þ 2NRh
R
¼ 0 ð21ÞIn addition, for the axisymmetric case (Mode 1) the initial and
boundary conditions are required to have the following values
P R; sð Þ ¼ 0; H R; sð Þ ¼ 0 when s ¼ 0;
P ¼ Pw on R ¼ 1;P ¼ 0 on R!1;
H ¼ Hw on R ¼ 1; H ¼ 0 on R!1;
NRR ¼ 1 P0 on R ¼ 1; NRR ¼ 0 on R!1;
ð22Þ
and the initial and boundary conditions for the deviatoric loading
case (Mode 2) are given by
P R; sð Þ ¼ 0; H R; sð Þ ¼ 0 when s ¼ 0;
P ¼ 0 on R ¼ 1;P ¼ 0 on R!1;
H ¼ 0 on R ¼ 1;H ¼ 0 on R!1;
NRR ¼ S0 cos2 h on R ¼ 1; NRR ¼ 0 on R!1;
NRh ¼ S0 sin2 honR ¼ 1; NRh ¼ 0 on R!1;
ð23Þ
where
Pw ¼ 1 p
R
pw
; Hw ¼ Tw
TR
 1; P0 ¼ p0pw
; S0 ¼ s0pw
:
Therefore, there are a total of 11 independent variables in the
problem, with seven of them associated with mechanical proper-
ties and the rest with the boundary conditions. Therefore, any ﬁeld
variable S, can be expressed most generally as
S ¼ f ðf0; f1;Br1;Br2;Br3; Pe; b;Pw;Hw; P0; S0;R; sÞ: ð24Þ
The thermo-hydraulic coupled response is sensitive to the
choice of Bri (i = 1 to 3) and Pe in Eq. (24). The expressions, j/k,
qc and qf L are regarded as combined parameters in the calculation
of these dimensionless parameters. The value of the lumped
parameter L needs to be calibrated for a rock-ﬂuid pair experimen-
tally. As a particular case, L can be calculated from Eq. (5). We take
water and granite as the ﬂuid and rock pair in the present study.
Typical parameters for water-saturated granite at TR = 523 K are:
qc = 2.26  106 J/(m3 K), k = 2.382W/(m K), qf = 1000 kg/m3, k =
4  105 mD, l = 0.002 Pa s, a = 5  106/K, au = 10  106/K,
G = 1.5  1010 Pa, v = 0.25, vu = 0.34, b = 0.47, pw = 83 MPa and
pR = 78 MPa. If L is chosen to be 1.327  106 J/kg according to Eq.
(5), we have Br1 = 1.307  103, Br2 = 1.106  104, Br3 = 2.613 
104, Pe = 1.450, f1 = 2, f0 = 0.8889, Hw = 0.19, Pw = 0.06. In this
paper, the values of these dimensionless parameters will be based
on this estimate. In addition, by varying the values of k 2 [4  105,
4  103] mD, qfL 2 [0,2.26  109] J/m3, M 2 [7  1010, 12  1010]
Pa for hard rocks listed in Table 4 in Detournay and Cheng
(1993) and keeping other parameters ﬁxed, the ranges for Br1,
Br2, Br3 and Pe are
Br1 2 0;0:301ð Þ;
Br2 2 1:106 104;1:106 102
 
;
Br3 2 2:613 104;2:613 102
 
;
Pe 2 1:318;226:0ð Þ:5. Analytical solutions
5.1. Mode 1: Axisymmetric loading
The equilibrium and compatibility equations in cylindrical coor-
dinates for the axisymmetric case are written as
oNRR
oR
þ NRR  Nhh
R
¼ 0; ð25Þ
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dRR ¼ dXRdR ; dhh ¼
XR
R
; dv ¼ dRR þ dhh; ð26Þ
where the superscript index for the mode is dropped for sake of
simplicity.
Substituting Eq. (20) into Eq. (25), combining with Eq. (26) and
then integrating with respect to R, leads to an equation for the vol-
umetric strain dv
dv ¼ 1bf0 1þ f1ð Þ
bPþ Br3
Br2
H
 
þ C sð Þ; ð27Þ
where C(s) is an unknown function of time s. As the temperature
and pore pressure change is zero at inﬁnity, it is easy to show
C(s) = 0.
From Eq. (20) the stress change can be calculated from the fol-
lowing equations once the radial displacement is obtained
NRR ¼ bf0f1
XR
R
;
Nhh ¼ bf0f1
XR
R
 f1
1þ f1ð Þ
bPþ Br3
Br2
H
 
;
Nzz ¼  f11þ f1ð Þ
bPþ Br3
Br2
H
 
:
ð28Þ
Substituting dv into the pressure and temperature diffusion Eq.
(19) gives
r2P
r2H
 !
¼ D1D2
D3D4
  _P
_H
 !
; ð29Þ
where  denotes differentiation with respect to time s and the con-
stants Di (i = 1 to 4) are given by
D1 ¼ 1f0 1þ f1ð Þ
þ 1;D2 ¼ 1Br2
Br3
f0b 1þ f1ð Þ
 Br1
 
;
D3 ¼ Br3f0b 1þ f1ð Þ
 Br1
 
;D4 ¼ Br
2
3
1þ f1ð Þb2Br2f0
þ Peþ Br
2
1
Br2
:
The Laplace transformation to G and H is deﬁned as follows
PðsÞ ¼
Z 1
0
essPðR; sÞds; HðsÞ ¼
Z 1
0
essHðR; sÞds ð30Þ
Applying the Laplace transform to Eq. (29) results in two ordin-
ary differential equations (ODEs)
D1s Pþ D2s Hr2 P ¼ 0; D3s Pþ D4s Hr2 H ¼ 0: ð31Þ
Elimination of the variable H, produces one ODE for the pore
pressure change P in the form
r4 P D1 þ D4ð Þsr2 Pþ D1D4  D2D3ð Þs2 P ¼ 0: ð32Þ
The general solution to the above ODE is obtained to be
P ¼ A1 I0 n1ð ÞI0 b1ð Þ
þ A2 I0 n2ð ÞI0 b2ð Þ
þ A3 K0 n1ð ÞK0 b1ð Þ
þ A4 K0 n2ð ÞK0 b2ð Þ
; ð33Þ
where In and Kn are the modiﬁed Bessel functions of the ﬁrst and
second kind of order n respectively, and
ni ¼ R
ﬃﬃﬃﬃﬃﬃ
sxi
p
; bi ¼
ﬃﬃﬃﬃﬃﬃ
sxi
p
i ¼ 1;2ð Þ;
x1 ¼ D1 þ D4 
ﬃﬃﬃ
D
p
2
; x2 ¼ D1 þ D4 þ
ﬃﬃﬃ
D
p
2
;
D ¼ D1  D4ð Þ2 þ 4D2D3:
ð34Þ
Because P vanishes at inﬁnity, both A1 and A2 must be equal to
zero. Then the ﬁnal form for P is given byP ¼ A3 K0 n1ð ÞsK0 b1ð Þ
þ A4 K0 n2ð ÞsK0 b2ð Þ
: ð35Þ
Similarly, we can ﬁnd the solutions for the temperature change
H ¼ A3 x1  D1ð Þ
D2
K0 n1ð Þ
sK0 b1ð Þ
þ A4 x2  D1ð Þ
D2
K0 n2ð Þ
sK0 b2ð Þ
: ð36Þ
From the boundary conditions at R = 1 in Eq. (22), the constants
A3 and A4 are obtained (here the pressure and temperature at the
wellbore are assumed to be constants and the solutions for time-
dependent boundary conditions are not included in this paper.)
A3 ¼ x2  D1ð ÞPw  D2Hwﬃﬃﬃ
D
p ; A4 ¼ x1  D1ð ÞPw  D2Hwﬃﬃﬃ
D
p : ð37Þ
Substitution of A3 and A4 into Eqs. (35) and (36) leads to the fol-
lowing solutions in Laplace space for the pore pressure and tem-
perature changes
P R; sð Þ ¼ Pwﬃﬃﬃ
D
p ½a2g2 R; sð Þ  a1g1 R; sð Þ  D2Hwﬃﬃﬃ
D
p ½g1 R; sð Þ  g2 R; sð Þ;
H R; sð Þ ¼ Hwﬃﬃﬃ
D
p ½a2g1 R; sð Þ  a1g2 R; sð Þ  D3Pwﬃﬃﬃ
D
p ½g1 R; sð Þ  g2 R; sð Þ;
ð38Þ
where
a1 ¼ D1  D4 
ﬃﬃﬃ
D
p
2
; a2 ¼ D1  D4 þ
ﬃﬃﬃ
D
p
2
;
gi R; sð Þ ¼ K0 nið ÞsK0 bið Þ
i ¼ 1;2ð Þ: ð39Þ
The ﬁnal pore pressure and temperature for the ﬁrst mode is gi-
ven by superimposing the solutions obtained from Eq. (38) and the
far-ﬁeld pore pressure and temperature, respectively.
After obtaining the pore pressure and temperature changes, the
volumetric strain can be calculated from the compatibility Eq. (27)
dv R; sð Þ ¼ L1g1 R; sð Þ þ L2g2 R; sð Þ; ð40Þ
where
L1 ¼ Br3=Br2a2  bD2ð ÞHw  Br3=Br2D3 þ ba1ð ÞPw
bf0 1þ f1ð Þ
ﬃﬃﬃ
D
p ;
L2 ¼ bD2  Br3=Br2a1ð ÞHw þ Br3=Br2D3 þ ba2ð ÞPw
bf0 1þ f1ð Þ
ﬃﬃﬃ
D
p :
To obtain the radial displacement XR, one ODE is formed by
substituting the volumetric strain into Eq. (26). Then, by solving
this ODE and satisfying the stress boundary condition, Eq. (22), at
R = 1, we obtain the Laplace transform of the radial displacement
XR R; sð Þ ¼ 1þ P0ð Þbf0f1sR
þ L1h1 R; sð Þ þ L2h2 R; sð Þ; ð41Þ
where the function hiðR; sÞ is deﬁned as
hi R; sð Þ ¼ 1s ﬃﬃﬃﬃﬃﬃsxip K0 bið Þ
1
R
K1 bið Þ  K1 nið Þ
 
i ¼ 1;2ð Þ: ð42Þ
Of course, once the radial displacement XR is calculated, the
stress distribution for the ﬁrst mode can be obtained by using
the constitutive law.
5.2. Mode 2: Antisymmetric deviatoric loading
For the second loading mode, the equations of equilibrium and
geometric compatibility take the form
oNRR
oR
þ 1
R
oNRh
oh
þ NRR  Nhh
R
¼ 0; oNRh
oR
þ 1
R
oNhh
oh
þ 2NRh
R
¼ 0; ð43Þ
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dRR ¼ oXRoR ; dhh ¼
XR
R
þ 1
R
oXh
oh
;
dRh ¼ 12
1
R
oXR
oh
þ oXh
oR
Xh
R
 
: ð44Þ
Substituting Eqs. (20) into (43) combined with Eq. (44) leads to
odv
oR
 f5
2 1þ f1ð Þ
1
R
o-
oh
¼ 1
bf0 1þ f1ð Þ
b
oP
oR
þ Br3
Br2
oH
oR
 
;
1
R
odv
oh
þ f1
2 1þ f1ð Þ
o-
oR
¼ 1
bf0 1þ f1ð Þ
1
R
b
oP
oh
þ Br3
Br2
oH
oh
 
:
ð45Þ
Here the rotation displacement - are deﬁned as
- ¼ oXh
oR
þXh
R
 1
R
oXR
oh
: ð46Þ
The Laplace transforms of the variables dv, XR, NRR, Nhh, P,H, -
and Xh are deﬁned in the same way as in Eq. (30) in terms of
dv ; XR; NRR; Nhh; P; H; - and Xh. According to the antisymmetric
nature of Mode 2 loading, these Laplace transformed quantities
must take the following forms
dv ; XR; NRR; Nhh; P; H
	 
 ¼ d^v ; X^R; N^RR; N^hh; P^; H^  cos 2h;
-; Xh;NRh
	 
 ¼ -^; X^h;N^Rh
 
sin 2h;
ð47Þ
where d^v ; X^R; N^RR; N^hh; P^; H^; -^; X^h and N^Rh are all functions of R and s
only.
After applying the Laplace transforms, the equations of equilib-
rium, Eq. (45), are expressed as two ODEs
dd^v
dR
 f1
1þ f1ð Þ
-^
R
¼ f1
bf0 1þ f1ð Þ
b
dP^
dR
þ Br3
Br2
dH^
dR
 !
;
d^v
R
 f1
4 1þ f1ð Þ
d-^
dR
¼ 1
bf0 1þ f1ð Þ
1
R
bP^þ Br3
Br2
H^
 
:
ð48Þ
To facilitate solving the above equations, the volumetric strain
in Laplace space d^v is assumed to take the form
d^v ¼ 1bf0 1þ f1ð Þ
bP^þ Br3
Br2
H^
 
þ /^ R; sð Þ; ð49Þ
where the function /^ðR; sÞ is an undetermined function. Then the
two equations in Eq. (48) are simpliﬁed as
d/^
dR
 f1
1þ f1ð Þ
-^
R
¼ 0; ¼ /^
R
 f1
4 1þ f1ð Þ
d-^
dR
¼ 0: ð50Þ
The above equations can be solved to obtain the general solu-
tions for -^ðR; sÞ and /^ðR; sÞ as
-^ R; sð Þ ¼ 2 1þ f1ð Þ
f1
F sð Þ
R2
; /^ R; sð Þ ¼ F sð Þ
R2
; ð51Þ
where the function F(s) is unknown and will be determined based
on the stress boundary conditions at the well. Therefore, the trans-
formed volumetric strain is written as
d^v ¼ 1bf0 1þ f1ð Þ
bP^þ Br3
Br2
H^
 
þ F sð Þ
R2
: ð52Þ
By using Eq. (52), two diffusion equations in Laplace space for
the temperature and pore pressure, for the Mode 2 deviatoric load-
ing case, are given as
d2P^
oR2
þ 1
R
dP^
oR
 4P^
R2
¼ D1sP^þ D2sH^þ D5s FðsÞ
R2
;
d2H^
oR2
þ 1
R
dH^
oR
 4H^
R2
¼ D3sP^þ D4sH^þ D6s FðsÞ
R2
;
ð53Þwhere Di (i = 0 to 6) is deﬁned as
D1D2D5
D3D4D6
 
¼
1
f0 1þf1ð Þ þ 1; 1Br2
Br3
bf0 1þf1ð Þ  Br1
 
;1
Br3
bf0 1þf1ð Þ  Br1; Peþ
Br21
Br2
þ Br23
b2f0 1þf1ð ÞBr2
; Br3b
0
B@
1
CA:
From the ﬁrst equation in Eq. (53), H^ can be expressed in terms
of P^ and then substituted into the second equation in Eq. (53) lead-
ing to one ODE for P^. The general solution of P^ is found to be
P^ ¼ C1I2 f1ð Þ þ C2I2 f2ð Þ þ C3K2 f1ð Þ þ C4K2 f2ð Þ þ
n3F sð Þ
R2
;
n3 ¼ D2D6  D5D4D1D4  D2D3 ; ð54Þ
where ni, bi and xi (i = 1 to 2) have been deﬁned in a previous sec-
tion, and Cj (j from 1 to 4) are unknown constants determined by
boundary conditions. Similarly, by using the boundary condition,
Eq. (23), the coefﬁcients C1 and C2 are found to be zero. As a result,
P^ is simpliﬁed as
P^ ¼ C3 K2 n1ð ÞK2 b1ð Þ
þ C4 K2 n2ð ÞK2 b2ð Þ
þ n3 F sð Þ
R2
: ð55Þ
In addition, from the ﬁrst equation in Eq. (53), we obtain
H^ ¼ C3 x1  D1ð Þ
D2
K0 f1ð Þ
K0 b1ð Þ
þ C4 x2  D1ð Þ
D2
K0 f2ð Þ
K0 b2ð Þ
þ n6 F sð Þ
R2
;
n6 ¼ D3D5  D1D6D1D4  D2D3 : ð56Þ
The unknowns C3 and C4 can be determined through the bound-
ary conditions listed in Eq. (23). Eventually, P^ and H^ are found to
be
P^ ¼ FðsÞ n1 K2ðn1ÞK2ðb1Þ
þ n2 K2ðn2ÞK2ðb2Þ
þ n3
R2
 
;
H^ ¼ FðsÞ n4 K2ðn1ÞK2ðb1Þ
þ n5 K2ðn2ÞK2ðb2Þ
þ n6
R2
 
; ð57Þ
where the constants ni (i from 1 to 5) are deﬁned as
n1 ¼ D5D4 D1  x2ð Þ  D2 D5D3  D6x2ð Þx1  x2ð Þ D1D4  D2D3ð Þ ; n4 ¼
n1 x1  D1ð Þ
D2
;
n2 ¼ D5D4 D1  x1ð Þ  D2 D5D3  D6x1ð Þx1  x2ð Þ D1D4  D2D3ð Þ ; n5 ¼
n2 x2  D1ð Þ
D2
;
with xi given in Eq. (34).
Therefore, the transformed volumetric strain in Eq. (52) can be
rewritten as
d^vðR; sÞ ¼ FðsÞ m1 K2ðn1ÞK2ðb1Þ
þm2 K2ðn2ÞK2ðb2Þ
þm3
R2
 
; ð58Þ
where the constants are
m1 ¼ bn1 þ n4Br3=Br2bf0ð1þ f1Þ
; m2 ¼ bn2 þ n5Br3=Br2bf0ð1þ f1Þ
;
m3 ¼ bn3 þ n6Br3=Br2bf0ð1þ f1Þ
þ 1: ð59Þ
In addition, d^v and -^ can be expressed through the geometric
relationships in Laplace space as follows
d^v ¼ oX^RoR þ
X^R
R
þ 2X^h
R
; -^ ¼ oX^h
oR
þ X^h
R
þ 2X^R
R
: ð60Þ
Substituting the ﬁrst equation in Eq. (51) and Eq. (58) into the
above equation, the two ODEs for X^R and X^h are expressed as
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2
n1
K2ðn1Þ
 
 m2FðsÞﬃﬃﬃﬃﬃﬃﬃ
sx2
p
K2ðb2Þ
K1ðn2Þþ
2
n2
K2ðn2Þ
 
þm4FðsÞ
2R
þQðsÞ
R3
;
X^h¼ 2m1FðsÞﬃﬃﬃﬃﬃﬃﬃsx1p K2ðb1Þ
K2ðn1Þ
n1
 2m2FðsÞﬃﬃﬃﬃﬃﬃﬃ
sx2
p
K2ðb2Þ
K2ðn2Þ
n2
þm3FðsÞ
2R
þQðsÞ
R3
;
ð61Þ
where Q(s) is another function that is to be determined from the
boundary conditions.
According to the constitutive law Eq. (20) for this plane strain
problem, we have
N^RR ¼ bf0 1þ f1ð Þ
F sð Þ
R2
 bf0f1d^hh;
N^hh ¼ bf0 1þ f1ð Þ
F sð Þ
R2
 bf0f1d^RR;
N^Rh ¼ bf0f1d^Rh;
N^zz ¼ v N^RR þ N^hh
 
;
ð62Þ
and thus we can provide the stress change components in terms of
two undetermined function F(s) and Q(s)
N^RR¼bf0f1m1FðsÞK2ðb1Þ
1
n1
K1ðn1Þþ
6
n21
K2ðn1Þ
" #
þbf0f1m2FðsÞ
K2ðb2Þ
1
n2
K1ðn2Þþ
6
n22
K2ðn2Þ
" #
þ 2ð1þf1Þf1m3½ bf0
FðsÞ
R2
3bf0f1QðsÞ
R4
;
N^hh¼bf0f1m1FðsÞK2ðb1Þ
1
n1
K1ðn1Þþð1þ
6
n21
ÞK2ðn1Þ
" #
bf0f1m2FðsÞ
K2ðb2Þ
1
n2
K1ðn2Þþð1þ
6
n22
ÞK2ðn2Þ
" #
þ3bf0f1QðsÞ
R4
;
N^Rh¼2bf0f1m1FðsÞK2ðb1Þ
1
n1
K1ðn1Þþ
3
n21
K2ðn1Þ
" #
þ2bf0f1m2FðsÞ
K2ðb2Þ
1
n2
K1ðn2Þþ
3
n22
K2ðn2Þ
" #
bf0f1
2
ðm4þm3ÞFðsÞ
R2
3bf0f1QðsÞ
R4
:
ð63Þ
By using the stress boundary conditions at the well (Eq. (23)),
F(s) and Q(s) are obtained as follows
FðsÞ ¼ 8x1x2S0K2ðb1ÞK2ðb2Þ
H1ðsÞ ; QðsÞ ¼ 
S0
3bf0ð1þ f1Þs
H2ðsÞ
H1ðsÞ ; ð64Þ
where
H1ðsÞ¼4bf0ð1þf1Þb1x2K2ðb2ÞK1ðb1Þm1þ4bf0ð1þf1Þb2x1K2ðb1ÞK1ðb2Þm2
þ2sx1x2K2ðb2ÞK2ðb1Þ bf0ð1þf1Þm32½ ;
H2ðsÞ¼12bf0ð1þf1Þb1x2K2ðb2ÞK3ðb1Þm112bf0ð1þf1Þb2x1K2ðb1ÞK3ðb2Þm2
þ6sx1x2K2ðb2ÞK2ðb1Þ bf0ð1þf1Þm32½ :
ð65Þ5.3. Small-time solutions
In Mode I, the small-time asymptotes of the functions gi(R,s)
and hi(R, s) (i = 1, 2) can be found in Carslaw and Jaeger (1959)
gi
1ﬃﬃﬃ
R
p erfc R1
2
ﬃﬃﬃ
s
p
 
þ1
4
R1ð Þ ﬃﬃﬃsp
R3=2
ierfc
R1
2
ﬃﬃﬃ
s
p
 

s 9þ2Rþ7R2
 
32R5=2
i2erfc
R1
2
ﬃﬃﬃ
s
p
 
;
hi2R
ﬃﬃﬃ
s
p
r
þ
ﬃﬃﬃ
1
R
r (
R1ð Þercf R1
2
ﬃﬃﬃ
s
p
 
2
ﬃﬃﬃ
s
p
r
exp  R1ð Þ
2
4s
 !)
;
ð66Þ
where ierfc(x), i2erfc(x) are deﬁned as
ierfcðxÞ ¼ 1ﬃﬃﬃ
p
p ex2  xerfcðxÞ;
i2erfcðxÞ ¼ 1
4
1þ 2x2	 
erfcðxÞ  2xﬃﬃﬃ
p
p ex2
 
: ð67ÞFrom the results given in Eqs. (57), (61), and (63) for Mode 2,
the small-time solutions for the normalized temperature, pore
pressure, displacement and stress components induced by the
antisymmetric remote stress are then obtained as follows
Pð2Þ ¼ 4n3S0
bf0 m3f1 1þf1ð Þ½ 
n1
n3
ﬃﬃﬃ
1
R
r
erfc
R1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s=x1
p
 !
þn2
n3
ﬃﬃﬃ
1
R
r
erfc
R1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s=x2
p
 !
þ 1
R2
" #
cos2h;
Hð2Þ ¼ 4n6S0
bf0 m3f1 1þf1ð Þ½ 
n4
n6
ﬃﬃﬃ
1
R
r
erfc
R1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s=x1
p
 !
þn5
n6
ﬃﬃﬃ
1
R
r
erfc
R1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s=x2
p
 !
þ 1
R2
" #
cos2h;
Nð2ÞRR ¼S0 1
4
R2
þ 3
R4
 
cos2h;
Nð2Þhh ¼S0 1
3
R4
 4f1
m3f1 1þf1ð Þ
ﬃﬃﬃ
1
R
r
m1erfc
R1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s=x1
p
 !
þm2erfc R1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s=x2
p
 !( )" #
cos2h;
Nð2ÞRh ¼S0 1
2
R2
þ 3
R4
 
sin2h;
Xð2ÞR ¼
S0
bf0f1
 4 1þf1ð Þ
m3f12 1þf1ð Þ
1
R
 1
R3
 
cos2h;
Xð2Þh ¼
S0
bf0f1
2m3
m32 1þf1ð Þ=f1ð Þ
1
R
 1
R3
 
sin2h:
ð68Þ
It is straightforward to substitute the above results into the
solutions and then superimpose the two solutions for both loading
modes to obtain the small-time responses of the pore pressure,
temperature, displacements and stresses.6. Numerical results
The analytical solutions in the Laplace space for the stress, dis-
placement, pore pressure, and temperature ﬁelds contain modiﬁed
Bessel functions, which require an appropriate numerical method
for obtaining the inverse Laplace transformation. The Stehfest
method is widely used in the literature and provides accurate solu-
tions for the functions that contain the form of et in the time do-
main (Hassanzadeh and Darvish, 2007).
In order to verify the results obtained here, a comparison is
made between the present solution and those from other studies.
Fig. 2 shows the comparisons of the thermally induced pressure
proﬁles in Mode 1 with those obtained by Chen and Ewy (2005)
and of the pore pressure change in Mode 2 with the results given
by Detournay and Cheng (1988), respectively. They both show
excellent agreement.
In the following calculations, we use the parameters in Table 1
as the basic values and the dimensionless parameters are
Br1 = 1.307  103, Br2 = 1.106  104, Br3 = 2.613  104, Hw =
0.19, Pw = 0.06, b = 0.47, f0 = 0.8889, f1 = 2, P0 = 27 and
S0 = 5. We will use these values as the reference unless we con-
sider the effect of a particular parameter. For example, when con-
sidering the case with higher granite permeability, the values of
Bri(i from 1 to 3) and Pe are changed accordingly.6.1. Mode 1 loading
In this section, the thermal effects will be analyzed by changing
the values of Br1 and Hw to highlight the roles of the latent heat
and the temperature difference between the wellbore and the res-
ervoir. Here two particular values are chosen for the latent heat
(namely, hydrothermal decoupling case with L = 0 and an L value
from Eq. (5)). In addition, we will discuss the effects of varying
the rock permeability. With regard to the two values of L, Br1 is cal-
culated to have the values of 0 and 1.307  103 for the lower per-
meability case ðk ¼ 4 105 mDÞ and of 0 and 1.307  101 for the
higher permeability case ðk ¼ 4 103 mDÞ. Again, it should be
noted that all other parameters depending on the permeability will
vary accordingly. Figs. 3 and 4 provide numerical results for pore
pressure, temperature and radial displacement for the cases of
Fig. 2. (a) Pore pressure change in Mode 1 between the present solution and Fig. 1 in the paper by Chen and Ewy (2005) with parameters c0 = 0.31  106/K,
c0 = 7.15  107 m2/s and c = 7.15  109 m2/s (deﬁnitions of c0 , c0 and c refer to Chen and Ewy (2005)). (b) Pore pressure change in Mode 2 at h = 0 between the present
solution and Fig. 5 in the paper by Detournay and Cheng (1988) with parameters f0 = 0.2, f1 = 3 and b = 0.8929. Here t⁄ is deﬁned as t ¼ ct=r2w .
Table 1
Typical parameters for the calculations.
Parameters Values
Fluid, rock mass density qf, qs (kg/m3) 1000, 2700
Fluid, rock speciﬁc heat cf, cs (J/kg/K) 4200, 1000
Fluid, rock thermal conductivity kf, ks (W/m/K) 0.6, 2.4
Rock permeability k (mD) 4.0  105
Fluid viscosity l (Pa s) 0.002
Drained thermal expansion coefﬁcient a (1/K) 5.0  106
Undrained thermal expansion coefﬁcient au (1/K) 10  106
Biot coefﬁcient b 0.47
Max horizontal principal stress rHmax (Pa) 1.7  108
Min horizontal principal stress rHmin (Pa) 1.3  108
Vertical principal stress rv (Pa) 1.1  108
Initial pore pressure pR(Pa) 7.8  107
Well pressure pw (Pa) 8.3  107
Well temperature Tw (K) 423
Initial temperature TR (K) 523
Shear modulus G (Pa) 1.5  1010
Drained and undrained Poisson ratio v, vu 0.25, 0.34
Porosity U 0.01
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granite permeability.
As shown in Fig 3(a), it is clear that for lower permeability, the
pore pressure change near the well varies in trend for different val-
ues of Br1, although the pore pressure eventually always decays
with distance. Recall that Br1is the ratio of heat supplied from ﬂuid
mass change to heat supplied by temperature diffusion. Only well-
bore cooling cases are considered in this paper, that is, the ﬂuid
temperature at the wellbore is lower than the reservoir tempera-
ture. In particular, for early time, when Br1 = 0, the pore pressure
is increased near the wellbore, while it decreases if Br1 = 1.307e3.
In the case of decoupled pressure and temperature, the increase in
pore pressure is caused by the poroelastic response arising from
compression of the rock matrix near the wellbore. For
Br1 = 1.3707e3, the poroelastic strain effects are fully offset by
thermal effects as shown in Fig. 3(a) since the thermal-induced
rock and ﬂuid shrinkage causes the pressure to drop. Moreover,
the time for the pressure to become steady is delayed by the strong
thermal–hydraulic coupling, as the discrepancy compared to the
steady-state solution (approximately represented by the large time
solution at L = 0) is still signiﬁcant.
The existence of a minimum in the pore pressure radial distri-
bution near the wellbore at the early time shown in Fig. 3(a),
may be important when considering potential for stress-induced
failure. Flow would move radially to this location both from thewellbore and from the reservoir. In addition, this minimum in pres-
sure may play an important role in the stability of the wellbore as
the pore pressure will alter the effective stress states. Of course,
these interesting features need further experimental conﬁrmation.
In contrast to pore pressure, the temperature evolution is not
affected by the coupling as shown in Fig. 3(b). This means that
for low-permeability rocks the temperature change is dominated
by heat conduction and should be independent of ﬂuid ﬂow and
associated heat exchange. Physically, this is because pressure diffu-
sion occurs more slowly than temperature diffusion. The ﬂuid
speed in the low-permeability rock is also very slow and the heat
carried by the advecting ﬂuid is very small compared with the heat
conducted through the rock mass. This mechanism is also reﬂected
in the values of the coefﬁcients Di (i = 1–4) which control the pore
pressure and temperature diffusion processesD1 D2
D3 D4
 
¼
1:375 1:885
2:39 104 1:38
 
when Br1 ¼ 0;
1:375 9:929
1:067 103 1:389
 
when Br1 ¼ 1:307 103;
8>><
>>>:
As shown above, D3 << D4 for both cases and D4 varies by less
than 1% between two cases. It is therefore expected that the tem-
perature changes with distance for two cases are nearly the same,
as shown in Fig. 3(b). This result conﬁrms that the coupling terms
in temperature diffusion equation can be neglected for low perme-
ability rocks. On the other hand, D1 and D2 are of the same order
and, therefore, the effect of temperature on the pore pressure dif-
fusion cannot be neglected. In particular, whether the pore pres-
sure variation is above or below the diffusion solution depends
on the sign of D2.
Moreover, the radial displacement responses shown in Fig. 3(c)
indicate the importance of the thermoelastic coupling. There is a
detectable difference in the displacement if the latent heat effect
becomes strong. The maximum difference moves away from the
wellbore in time because of the contribution of the cooled and con-
tracting region around the well that grows with time.
Fig. 4 shows the pore pressure change and radial displacement
for two temperature differences (Hw = 0.19 and 0.38) between
the wellbore wall and the remote reservoir. It is obvious from Fig. 4
that the thermal effect on pore pressure is proportional to temper-
ature difference. This is consistent with the ﬁndings concerning
thermal effect as reported by Chen and Ewy (2005), though in their
case they considered heating the wellbore.
As a comparison, Figs. 5 and 6 give the corresponding variations of
pore pressure change, temperature change and radial displacement
Fig. 3. Mode 1: (a) pore pressure change, (b) temperature change and (c) radial displacement under different values of Br1with Br2 = 1.106  104, Br3 = 2.613  104,
Pe = 1.450, f0 = 0.8889, f1 = 2, b = 0.47, Pw = 0.06, Hw = -0.19, P0 = 27, S0 = 5.
Fig. 4. Mode 1: (a) pore pressure change and (b) radial displacement under different values ofHw with Br1 = 1.307  103, Br2 = 1.106  104, Br3 = 2.613  104, Pe = 1.450,
f0 = 0.8889, f1 = 2, b = 0.47, Pw = 0.06, P0 = 27, S0 = 5.
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and 4. For this case, we ﬁnd that Br2 = 1.106  102,
Br3 = 2.613  102, Pe = 145.0. The pore pressure is found to de-
crease monotonically with time s and position R without the local
minimums or maximums occurring in the results as found in Figs.
3 and 4. The difference in pore pressure caused by the change of
latent heat is very small as shown in Fig. 5(a). In addition, the tem-
perature change and the radial displacement are found to only
change slightly as can be seen in Figs. 5(b) and (c). This means thatif the granite permeability is increased to a certain level, the effect
of the heat generated or absorbed as a result of the ﬂuid mass
change on the pore pressure becomes weak. It must be mentioned
that the signiﬁcant difference in radial displacement shown in
Fig. 6(c) is attributed to the stronger wellbore cooling reﬂected in
use of a higher temperature difference. Moreover, the small differ-
ence in radial displacement as shown in Fig. 5(c) indicates these re-
sults are not sensitive to the values of the latent heat L under the
high permeability conditions.
Fig. 5. Mode 1: (a) pore pressure change, (b) temperature change and (c) radial displacement under higher rock permeability and different values of Br1 with
Br2 = 1.106  102, Pe = 145.0, Br3 = 2.613  102, f0 = 0.8889, f1 = 2, b = 0.47, Pw = 0.06, Hw = 0.19, P0 = 27, S0 = 5.
Fig. 6. Mode 1: (a) pore pressure change and (b) radial displacement under higher rock permeability and different values ofHw with Br1 = 1.307  101, Br2 = 1.106  101,
Br3 = 2.613  101, Pe = 145.0, f0 = 0.8889, f1 = 2, b = 0.47, Pw = 0.06, P0 = 27, S0 = 5.
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bore wall is of a ﬁxed value and can be obtained from Eqs. (28) and
(42) as followsNhh ¼ 2P0 þ 1 f11þ f1
bPw þ Br3Br2Hw
 
: ð69Þ
When the temperature difference Hw is zero, the above equa-
tion is the same as Eq. (54) in Detournay and Cheng (1988) for
the poroelastic (HM) case. From above equation, when Hw < 0 or
the wellbore is subject to cooling, the hoop stress at the wellborewall increases (or becomes more tensile for the sign convention
used here). A calculation using Eq. (69) can be used to predict ten-
sile failure of a wellbore during periods of injection or circulation.6.2. Mode 2 loading
The parameters used for Fig. 7 are the same as those in Fig. 3
with the sole application of S0 on the boundary as the far-ﬁeld
stress for Mode 2 loading. The initial pressures and temperatures
are uniform throughout the domain and no pressure or tempera-
ture differences are applied on the wellbore wall. From Fig. 7(a),
1482 B. Wu et al. / International Journal of Solids and Structures 49 (2012) 1472–1484the pressure drop near the wellbore at small time is signiﬁcant and
of the order of the applied external loading S0. With increasing
time, the minimum in the pore pressure distribution moves farther
away from the wellbore and its magnitude diminishes with time.
The steady long-time solution for pore pressure is uniform and
tends to zero as there is no pressure difference between the well-
bore and the remote reservoir. We also found that compared to the
results in Fig. 2(b), the pore pressures in both HM and THM cases
follow each other exactly. That is to say, the thermal effect on
the pore pressure is also negligible under Mode 2 loading condi-
tions. From Fig. 7(b), the temperature change is small for both val-
ues of Br1. A larger change in temperature occurs for the cases
where Br1 takes the value of 1.307  103. However, the dimen-
sionless temperature change is only of the order of 104 (physical
temperature change of the order of 1 K). This explains why the
pore pressure for both cases (i.e. HM and THM) is exactly the same.
In general, the anti-symmetric loading does not have a detectable
effect on the temperature. The pore pressure and the radial dis-
placement changes are signiﬁcant under Mode 2 loading as shown
in Fig. 7(c) but the value of Br1 does not affect the response.
Also, from Eq. (63), the induced hoop stress at the wellbore wall
for small times can be expressed as
Nhh
lims!0þ
¼ 4S0 1þ m1 þm2ð Þf11þ f1ð Þ m3f1
 
cos 2hð Þ; ð70Þ
and, at large times, is equal to 4S0cos(2h).
6.3. Mode 1 + 2
Figs. 8 and 9 display combined radial and hoop stress distribu-
tions at h ¼ 0 for different values of Br1 and two temperatureFig. 7. Mode 2: (a) pore pressure change, (b) temperature change and (c) radial displacem
Pe = 1.450, f0 = 0.8889, f1 = 2, b = 0.47, Pw = 0.06, Hw = 0.19, P0 = 27, S0 = 5.differences (i.e. Hw = 0.19, 0.38), in the low-permeability rock.
These results are obtained by superposition of Mode 1 and 2 solu-
tions. The pure elastic solutions (black), provided here as a bench-
mark, combine the contributions from the far-ﬁeld stresses rHmax
and rHmin, as well as the wellbore pressure pw.
It can be seen from Fig. 8(a) that the difference of radial stress
between Br1 = 0 and Br1 = 3.107  103 is not large. Fig. 8(b) shows
that the same conclusion holds for the hoop stresses. The cases
presented in Fig. 8 use a relatively small temperature difference
between the wellbore and the remote reservoir, which partially ex-
plains the small differences in stresses obtained. It is clear in Fig. 9
that these stress differences are increased when a larger tempera-
ture difference is imposed.
The radial stress must equal the speciﬁed boundary condition at
the wellbore wall for all times, while the hoop stress evolution
with time is more complicated. We found that for small times,
the hoop stress at the wellbore wall in Mode 1 is elevated to a par-
ticular value (see Eq. (69)) while it is decreased to another value
when Mode 2 loading is applied (see Eq. (70)) as determined by
the interplay between temperature gradient and pore pressure.
In particular, when the wellbore temperature and pressure are
constants, the total maximum hoop stress at the wall derived from
Eqs. (69) and (70) is
Nhh ¼ 2P0 þ 1 f11þ f1ð Þ
bPw þ Br3Br2Hw
 
 4S0: ð71Þ
For the case of ﬂuid penetrating into rock at the wellbore, it is
assumed that the wellbore breakdown occurs when the effective
Terzaghi tensile stress reaches the rock tensile strength rT . Then
the dimensional breakdown pressure pb1 with ﬂuid penetrating
the rock is calculated to beent at h = 0 under different values of Br1 with Br2 = 1.106  104, Br3 = 2.613  104,
Fig. 8. Mode 1 + 2: (a) total radial and (b) hoop stresses at h = 0 under different values of Br1 with Br2 = 1.106  104, Br3 = 2.613  104, Pe = 1.450, f0 = 0.8889, f1 = 2, b = 0.47,
Pw = 0.06, Hw = 0.19, P0 = 27, S0 = 5.
Fig. 9. Mode 1 + 2: (a) total radial and (b) hoop stresses at h = 0 under different values of Hw with Br1 = 1.307  103, Br2 = 1.106  104, Br3 = 2.613  104, Pe = 1.450,
f0 = 0.8889, f1 = 2, b = 0.47, Pw = 0.06, P0 = 27, S0 = 5.
Fig. 10. Mode 1 + 2: contours for vertical stresses at s = 0.1 under different values of Hw: (a) for Hw = 0.19 and (b) for Hw = 0.38 (rHmax is in X axis direction) with
Br1 = 1.307  103, Br2 = 1.106  104, Br3 = 2.613  104, Pe = 1.450, f0 = 0.8889, f1 = 2, b = 0.47, Pw = 0.06, P0 = 27, S0 = 5.
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rT  2p0 þ 4s0  2gpR
2 1 gð Þ þ
a Tw  TR
 
G 1þ vð Þ
1 gð Þ 1 vð Þ ; ð72Þwhere the poroelastic parameter g = b(1  2v)/(2  2v).
In the absence of ﬂuid penetrating the rock, the dimensional
breakdown pressure pb2 is calculated as
1484 B. Wu et al. / International Journal of Solids and Structures 49 (2012) 1472–1484pb2 ¼ rT  2p0 þ 4s0  pR þ ðTw  TRÞ
2aGð1þ vÞ
ð1 vÞ : ð73ÞWhen there is no cooling, i.e. Tw = TR, the breakdown pressures
obtained from Eqs. (72) and (73) are the same as those predicted
from the HM case (Detournay and Cheng, 1988).
At the same normalized time (s ¼ 0:1), the vertical normal
stresses along the well axis for two temperature differences
(Hw = 0,0.38) are shown in Fig. 10. When there is no cooling ef-
fect, the longitudinal normal stress changes little because of the
small temperature gradient. However, by increasing the cooling ef-
fect, we can see the axial normal stress along the rHmax direction
near the wellbore is signiﬁcantly increased (become less compres-
sive or more tensile). This stress change may lead to the axial nor-
mal stress exceeding the rock tensile strength yielding a horizontal
hydraulic fracture.
7. Conclusions
In this paper, the mechanical behavior of a wellbore under non-
hydrostatic remote stresses in a ﬂuid saturated rock characterized
by a THM constitutive law, is considered with a focus on the ther-
mal effect. In particular, a latent heat storage associated with a
ﬂuid mass supply is introduced by Coussy (1989), which contrasts
with other proposed formulations but renders a linear description
of the problem. The analytical solutions for this fully coupled prob-
lem in the Laplace space are obtained by decomposing the problem
into axisymmetric and deviatoric loading cases. By using the small
time asymptotic solutions and the numerical Stehfest inversion
method, the results in the time domain are obtained. Based on
the cases studied here, the following conclusions are made:
(1) By scaling, the number of the controlling parameters is
reduced to 7 in the governing equations plus 4 in the bound-
ary conditions. For low-permeability rocks, the number of
parameters of primary importance is reduced to one (Br1)
in the governing equations. This reduction of parameters is
possible because the mechanical properties, which do not
change signiﬁcantly with temperature or pressure, are
assumed to be constants.
(2) The temperature difference between the wellbore and the
reservoir has a considerable effect on the pore pressure
through the coupling parameter L. In a particular case, the
latent heat, L can represent the difference in thermal expan-
sion coefﬁcient between the solid and the ﬂuid. The numer-
ical results based on the fully coupled model verify the
commonly-used assumption that the heat conduction is
independent of the pore pressure changes.
(3) For lower permeability rocks, the presence of L results in dif-
ferent responses of the pore pressure near the wellbore. The
coupling-induced minimum pressure exists inside the for-
mation even under hydrostatic loadings and this will pro-
duce different ﬂuid ﬂow patterns in the porous medium.
This feature does not occur for higher permeability rocks.
(4) As a direct application of stress analysis, a thermo-poro-elas-
tic breakdown pressure equation is provided for use in well-
bore stability analysis and hydraulic fracturing design.(5) The coupling model used investigates the thermal effects on
the pore pressure and stresses in a semi-analytical manner
with a marked computational efﬁciency. Further applica-
tions of the present model to engineering problems such
as wellbore breakdown, wellbore shear failure and estima-
tion of the tectonic stresses will be detailed in a later paper.
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